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1. Introduction
This paper presents a numerical study of the two dimensional quantum hydrodynamic equations, 
introducing the quantum hydrodynamic model (QHD) for semiconductors. We derive the QHD 
equations model starting from Schrödinger equation via Madelung’s transformation. Numerical 
approach uses a Crank – Nicholson spatial discretization scheme with central finite differences and a 
very small step tδ to advance in time, for different values ofε . In the case of QHD, the numerical 
solution of Schrödinger equation must present higher oscillations, as the scaled Planck constant ε  
becomes smaller ( 23 1010~ −− ÷ε ). The resulted non – linear discrete problem is solved using a Newton –
Raphson algorithm, the initial solution for (n+1)-th time step being considered the final solution at n-th 
time step.

2. Derivation of QHD equations
We obtain the two dimensional QHD equations starting from Schrödinger equation
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Scaling the equations (1) - (2) by introducing reference values for the time, length and potential
SSS VUVxLxtt ⋅=⋅=⋅=  , ,τ (3)

and assuming that the kinetic energy is of the same order as the electric energy
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the Schrödinger equation becomes
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where the scaled Planck constant is
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Using Madelung’s transformation
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and separating the real and imaginary parts in the Schrödinger equation, we obtain two equations in 
variables (n,S)



( ) ( )

( ) ( )
( )

( ) ( )










+∇−
∆

=
∂

∂

∇⋅−=
∂

∂

yxVtyxS
tyxn
tyxn

t
tyxS

tyxSndiv
t

tyxn

,,,
2
1

,,
,,

2
,,

),,(,,

2
2ε

(8)

In the above equations n(x,t) is the particle density and S(x,t) is the phase of wave function. We define 
particles density 
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and current density 
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Using eq. (7) we obtain for current density
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Transforming system (8) from variables (n,S) to (n,J) and using eq. (11) we obtain
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3. Numerical approach
In order to solve numerically the system (12) we use a Crank – Nicholson spatial discretization scheme 
with central finite differences where































−+−+−+−
=

∂

∂

+−++−
=

∂
∂

−+−
=

∂
∂

−+−+−+−
=

∂

∂

+−++−
=

∂
∂

−+−
=

∂
∂

−
=

∂
∂

−−++
+

−
+

−
+

+
+

+

−+
+

−
++

+

−+
+

−
+

+

−−++
+

−
+

−
+

+
+

+

−+
+

−
++

+

−+
+

−
+

+

+

3
2

2,1,1,2,
1

2,
1

1,
1

1,
1

2,
3

3

2
2

1,,1,
1

1,
1

,
1

1,
2

2

2

1,1,
1

1,
1

1,

3
1

,2,1,1,2
1
,2

1
,1

1
,1

1
,2

3

3

2
1

,1,,1
1
,1

1
,

1
,1

2

2

1

,1,1
1
,1

1
,1

,
1

,

4

2222

2

22

4

4

2222

2

22

4

h

nnnnnnnn

y
n

h

nnnnnn

y
n

h
nnnn

y
n

h

nnnnnnnn

x
n

h

nnnnnn
x
n

h
nnnn

x
n

t
nn

t
n

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

k
ji

δ

 (13)

with kkiiii tt,  • yy,  hxx,  h,...,T-, k,...,N-,  j...,Mi −=−=−===−= +++ 11211102323 .
The same scheme is valuable for current density.

References
[1] P. Pietra, C. Pohl, Weak Limits of Quantum Hydrodynamic Model, Proc. International Workshop on 

Quantum Kinetic Theory, Breckenridge, Colorado (USA),  Special Issue of VLSI Design 9 (1999), 427-434.
[2] A. Jaungel, Mathematical Modeling of Semiconductor Devices,  Fachbereich Mathematik und 

Statistik Universitaat Konstanz, 2005


